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Recall the notion of radius  of convergence
:

Def : Given  a power series this E.anlkxdn ,

let p
' '

=

Tnmlanltnf

 [0 .to ]
,

the radius  of convergence  is defined as

r : . { F:OFF :
oo

,

P=O

The following theorem justifies the name

"

radius  of convergence
"

Thm ( Cauchy - Hadamuvd Theorem )

With notations  as above
,

we have the following cases :

a) 12=0 : flx ) diverges on R\{ xo }

b) 0 < R Ltd :  TK ) converges  uniformly on every
[ a ,b ] E ( Xohxotr )

and diverges on lx - xol > R

C) R =  too :  TK ) converges  uniformly on every
[ a. b ]ER



In QI
,

QZ
,

let FKJ = Ioan ×
"

tie . x.  =o )

QI ) ( § 9.4 Q 5)

(a) Suppose L " linn IAENII exists in [ o.to ]
,

show  That R - L
.

(b)
Give

 an  example  which f has R > 0
,

but L does not exist

in IO
,  

to ]

Sol

:C
a) for  each xek

,

let acxs :=
'
in laa¥xF

"

I = tirnnlatfnlixi  = ¥

Case 1 : [ = 0 : then for  all xto
,

Xcx ) =  as
.

i. By ratio  test
, flx ) diverges  on IRKO } .

i. By C- H Thm
,

R = 0 =L

Case 2 : 0< Las :  then for  all ×  with IXKL ,

XK ) < I
.

i. By ratio  test
,

fk ) converges  absolutely .

On  The other hand
,

for  all ×  with 1×1 > L
,

Xlx ) > 1

.

'

. By ratio test
,

fk ) diverges .

i
. By C- H Thm

,

R=L .



Case 3 i L = • then for  all

XER
,

XC D= 0

i. By ratio  test
, fk )

converges absolutely .

i. By C- H Thm
,

Rios  =L
.

(b) Consider flx ) = It X+x4t .  .

.

.

i.  e.

an  = {
1

.

if n  is  even

0
,

if n  is  odd
.

Then P= linnlanltn  
= 1. .

'

. 12=1 is positive .

However
,

as an = 0 when his  odd
,

L does
 not exist into .to

.



Q 2) ( 559.4 Qba
.

Go ) Determine R when

(a) an
= ha (b) an = FT

Sol : (a) p = liIlanl± = limit =O
.

i. R=  as

(b) Try to  compute L= tiny laa÷l :

la*=e÷*i=¥i=h¥sF¥nr
.

'

. L= linn ,#⇒t  = te
.

i. By IQIA)
,

R =L = te
.



Q3 ) ( 59.4 Q 11 )

Let f : tr
,

r ) → R be a smooth function

such that 7- B > 0
,

V. new
,

HF
"

Has EB .

Show that EYE xn
converges uniformly to flx ) on tr

,
r )

Sdi since likm rI÷, ,
= 0 ( by applying nth  term  test to E?gtk÷

,
)

Given E > 0
,

there exists KE IN such that for  any KZK

¥iisE

then for  
any

xe thr )
,

for  any
KZK

,

by Taylor 's 7hm  on f with ×o=o
,

thereexistsC with

0<144×1 such that HD = II. FYI xn + tfftnksnxkt '

.

i. Has - I. *¥xY= Hilly xk
'

't Eaten .no
"

se

n£⇒#nYtxn converges uniformly to f on tr
,

r )

\



Q 4) ( Supp .

Ex
.

1)

Let f( × ) = Ioan X
"

be
a power series at 0 with RHI > 0

,

(a) Show That for  each KEINU { 0 }
, A

, .=
5k¥
K !

(b) If glx ) = Eneobnxh is another power series  at 0 with 1219) > 0

so that there exists r > o suchthat 7=9 on thr )
,

showthat for  all ke IN u{ 0 }
,

Ak=bk
.

Sol : (a) For 1<=0
, substituting x=o gives flo ) = Ao

For 1<>0
, applying Differentiation Theorem k  times

,

f
" "

( × ) = I. an . lnlh - is -  .  
- lh - kin ) X

"

satisfies RCF
"

) = RH )

i. Substituting x=o
,

f
" "

lot at . K !
,

:
. q ,

= FYI

( b ) For  each KEHVU { 0 }
, applying (a) to fond g gives

a
,<

= HIT and bk = 919.1
.

As f=g on thr )
.

FKYO ) = 9440 )
,

.

'

. a.
=  Et

'
= 9YlYI=bk


